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Background on Brauer p-blocks

Let p be a prime. We choose an appropriate local ring O: let M be
maximal ideal of the ring of algebraic integers R → C with p ↑ M ,
and let O be the localization of R at M :

O = {ω/ε | ω ↑ R, ε ↑ R ↓M} .

Then O has a unique maximal ideal

J = {ω/ε | ω ↑ M , ε ↑ R ↓M}

and O/J = F is the algebraic closure of the field with p elements.
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If P is any p-subgroup of G , C = CG (P), then it is easy to prove
that the map

BrP : Z(FG ) ↔ Z(FC )

which sends K̂ ↘↔ ⊋K ≃ C defines an algebra homomorphism, where
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From p-groups to defect groups: Heights

If D is a p-group and ϑ ↑ Irr(D),
then ϑ(1) = p

h(ω).

If B is a p-block with defect group
D and ϑ ↑ Irr(B), then ϑ(1)p =
|G : D|pp

h(ω).

THEOREM
D is abelian i! h(ϑ) = 0 for all

ϑ ↑ Irr(D).

CONJECTURE (Brauer’s
Height Zero)
D is abelian i! h(ϑ) = 0 for all

ϑ ↑ Irr(B).

Now a theorem: Kessar-Malle-N-Ruhstorfer-Schae!er Fry-Tiep
(2024).

Is this an isolated result?
We are going to explore some similar local/global interaction.

I have been collecting questions and counterexamples (mostly).
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B is a p-block with defect group D.

THEOREM
If ϑ ↑ Irr(D), then

ϑ(1) = p
h(ω)

⇓ |D : Z(D)|

CONJECTURE (Robinson)
If ϑ ↑ Irr(B), then

p
h(ω)

⇓ |D : Z(D)|.

This is now a theorem by Feng-Li-Liu-Malle-Zhang (2019) and
Kessar–Malle (2025).
It implies the “if D is abelian"part of the Height Zero conjecture.
It was implied by Dade’s projective conjecture (and in particular by
the inductive Alperin-McKay condition).
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B is a p-block with defect group D.

THEOREM (Itô)
If ϑ ↑ Irr(D) and A ↭ D is

abelian, then

ϑ(1) = p
h(ω)

⇓ |D : A|

QUESTION
If A ↭ D is abelian and

ϑ ↑ Irr(B), is p
h(ω)

⇓ |D : A|?

COUNTEREXAMPLE
G = GL2(3), p = 2, B = B0(G ), ϑ ↑ Irr(B) has height 2, and

D = QD16 has a cyclic normal subgroup A of index 2.

Is there something between being central and being normal and
abelian?
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From p-groups to defect groups: Heights

If D is a non-abelian p-group, let mh(D) be the smallest positive
height of D (that is, the smallest non-zero exponent of degrees), and
let mh(B) be the smallest positive height in Irr(B), a p-block with
defect group D.

So if the character degrees of a 3-group D are
{1, 32, 34

}, then mh(D) = 2.

CONJECTURE (Eaton–Moretó)
If B is a p-block with non-abelian defect group, then

mh(D) = mh(B).

The part mh(D) ⇓ mh(B) is another consequence of Dade’s Proj.
conjecture.
• (Brunat, Feng, Liu, Malle, Schae!er Fry, Zhang, 2015–2025): No
quasisimple group is minimal counterexample to mh(B) ⇓ mh(D).
• (Malle, Moretó, Rizo, 2024): an important case.
• (N, 2025) True if G is p-solvable and B is the principal block.
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QUESTION
Is it possible a reduction of Eaton–Moretó to quasi-simple groups, at

least for the principal p-block?

QUESTION
Suppose that G has a normal p-subgroup V such that

CG (V ) = Z(V ). Suppose that P ↑ Sylp(G ) is non-abelian. Is mh(P)
the minimal h where 1 < ϑ(1)p = p

h
and ϑ ↑ Irr(G )?

This is Eaton–Moretó in the important case F→(G ) = F(G ), for
principal p-blocks. I have not been able to find extra-relations
between the ϖ ↑ Irr(D) with minimal degree > 1 and the
ϑ ↑ Irr(B |D) with minimal height > 0. (Number of, field of values
of, etc.)
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A related question, not implied, not implying.

If G does not have abelian Sylow p-subgroups, let mp(G ) be the
smallest in {ϑ(1)p | ϑ(1)p > 1,ϑ ↑ Irr(G )}.

QUESTION
Suppose that H ⇓ G has p

↔
-index and P ↑ Sylp(G ) is not abelian. Is

mp(G ) ⇓ mp(H)?

For p = 2 say, usually m2(G ) = 2.
Between the 56070 non-abelian of order 28, 48787 have minimal
degree 2. Between the stored simple groups in GAP, the following do
not have characters with ϑ(1)2 = 2:
PSL3(4),PSL3(8),PSL4(4),PSp4(8), Suz(32),PSU3(4),PSU3(8), · · · .
In these groups the minimal degree of the Sylow 2-subgroup is not 2
but 4...
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From p-groups to defect groups: Heights

Learning from p-groups:

If an is the number of non-abelian groups of order pn and bn is the
number of p-groups of order pn having an irreducible character of
degree p:

QUESTION
Is

Limn↗↘
logp(bn)

logp(an)
= 1?

And an analog with heights?
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From p-groups to defect groups: Heights

Let cd(X ) be the set of character degrees of the irreducible
characters of the finite group X , or of the block X .

THEOREM
dl(D) ⇓ |cd(D)|, which is the

number of di!erent heights.

QUESTION
Is dl(D) ⇓ number of di!erent

heights in B?

COUNTEREXAMPLE
Q = SmallGroup(36, 122), A = C13 : 3 acts on Q. Let G = QA.

Then cd(G ) = {1, 3, 13, 39}, p = 3, B = B0(G ) (so heights {0, 1})
while dl(D) = 3.
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From p-groups to defect groups: Heights

Perhaps the right number to look at is |cd(B)|, which is bigger than
the number of di!erent heights.

THEOREM (Okuyama–Tsushima)
We have that |cd(B)| = 1 if and only if D is abelian and B has

inertial index 1.

Hence:

QUESTION
dl(D) ⇓ |cd(B)|?

• (Giannelli-Martinez-Schae!er Fry) If |cd(B0(G ))| ⇓ 3, then
dl(D) ⇓ |cd(B0(G ))|.
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CONJECTURE (Brauer)
If G is a normal p-subgroup V such that CG (V ) = Z(V ), is

k(G ) ⇓ |G |p?

This is the F→(G ) = F(G ) case of Brauer’s k(B) for the principal
block, the next k(GV )-theorem. Even if this is solved, what about
the case where F→(G ) is the product of non-abelian simple groups?
k(bG ) can be smaller or bigger than k(b).
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From p-groups to defect groups: Heights

If k ⇑ 0, let hk(D) be the number
of irreducible characters ϖ of D

with ϖ(1) = p
k . Hence h0(D) =

|D : D ↔
|, etc.

Let hk(B) be the number of irre-
ducible characters ϖ of Irr(B)
with h(ϖ) = k .

|D| =
∑

k hk(D)p2k k(B) = |Irr(B)| =
∑

k hk(B).

CONJECTURE (Eaton, 2003)
h0(B) + h1(B) + . . .+ hs(B) ⇓ h0(D) + h1(D)p2 + . . .+ hs(D)p2s

for all s ⇑ 0.

So s = 0 is Olsson; s large is Brauer’s k(B).
It is not true necessarily that ht(B) ⇓ ht(D)p2t . For instance,
GL2(3), p = 2, h2(B0(G )) = 1 and h2(D) = 0.

QUESTION
h1(B) ⇓ h1(D)p2

?
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The question h1(B) ⇓ h1(D)p2:

If p = 2, B = B0(G ),

|{ϑ ↑ Irr(B)|ϑ(1)2 = 2}| ⇓ 4|{ϑ ↑ Irr(D)|ϑ(1) = 2}|?



The question h1(B) ⇓ h1(D)p2:
If p = 2, B = B0(G ),

|{ϑ ↑ Irr(B)|ϑ(1)2 = 2}| ⇓ 4|{ϑ ↑ Irr(D)|ϑ(1) = 2}|?



From p-groups to defect groups: Heights

THEOREM
k(D) ⇓ k(D ↔)|D : D ↔

|.

QUESTION (Malle-N)
Is k(B) ⇓ k(D ↔)h0(B)?

Assuming Olsson h0(B) ⇓ |D/D ↔
|, the weaker inequality

k(B) ⇓ |D
↔
|h0(B) already implies the k(B)-conjecture.
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From p-groups to defect groups: Zeros

As before, B is a block of G with defect group D.

Trivial fact: We have that x ↑ D

if and only if there is ϑ ↑ Irr(D)
such that ϑ(x) ⇒= 0.

THEOREM
We have that x ↑G D i! there is

ϑ ↑ Irr(B) such that ϑ(x) ⇒= 0.

THEOREM
In fact, 1D(x) ⇒= 0.

QUESTION
If x ↑G D, is there ϑ ↑ Irr(B)
with h(ϑ) = 0 such that

ϑ(x) ⇒= 0?

I don’t know the answer to that.
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From p-groups to defect groups: Zeros

We say that ϑ ↑ Irr(G ) is p-rational if Q(ϑ) ⇐ Qn = Q(e2εi/n),
where p does not divide n.

If p is odd, 1D is the only p-
rational character in D.

QUESTION
If x ↑ D, is there some p-rational

ϑ ↑ Irr(B) such that ϑ(x) ⇒= 0?

COUNTEREXAMPLE
According to GAP (and T. Breuer), 2.SuzM7 is a counterexample for

p = 3 (the 15th block).

The only counterexample.
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1D is a height zero p-rational cha-
racter of D.

CONJECTURE
If B is a p-block, there is

ϑ ↑ Irr(B) of height zero

p-rational.

This a consequence of Alperin–McKay–Galois.
Broué and Puig did prove that in every block there is at least one
height zero almost p-rational: that is Q(ϑ) ⇐ Qn with p

2 not
dividing n.

CONJECTURE
If x ↑ D, then there is ϑ ↑ Irr(B) of height zero almost-p-rational

such that ϑ(x) ⇒= 0.
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From p-groups to defect groups: Z(D)

QUESTION
If we know the character table of G , and B is a p-block of G , can we

detect the p-elements in Z(D)?
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then x ↑ Z(D) if and only if
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Suppose that x ↑ Z(D). Do we have that ϑ(x) ⇒= 0 for all
ϑ ↑ Irr(B)? (Brauer, Geo! Robinson?:)

For instance, if B = B0(G ) and x ↑ Z(D), then |G : CG (x)| is p↔ and
(
|G : CG (x)|ϑ(x)

ϑ(1)

)→

= |G : CG (x)|
→
⇒= 0 .

Not even in the cyclic defect case: SL2(11) has a 2-block B with
D = C4 = ⇔x↖, and there is ϑ ↑ Irr(B) with ϑ(x) = 0.

THEOREM (Brauer)
Suppose that x ↑ Z(D) and ϑ ↑ Irr(B). Then ϑ is not zero on the

p-section of x .

What about the converse?



Suppose that x ↑ Z(D). Do we have that ϑ(x) ⇒= 0 for all
ϑ ↑ Irr(B)? (Brauer, Geo! Robinson?:)
For instance, if B = B0(G ) and x ↑ Z(D), then |G : CG (x)| is p↔ and

(
|G : CG (x)|ϑ(x)

ϑ(1)

)→

= |G : CG (x)|
→
⇒= 0 .

Not even in the cyclic defect case: SL2(11) has a 2-block B with
D = C4 = ⇔x↖, and there is ϑ ↑ Irr(B) with ϑ(x) = 0.

THEOREM (Brauer)
Suppose that x ↑ Z(D) and ϑ ↑ Irr(B). Then ϑ is not zero on the

p-section of x .

What about the converse?



Suppose that x ↑ Z(D). Do we have that ϑ(x) ⇒= 0 for all
ϑ ↑ Irr(B)? (Brauer, Geo! Robinson?:)
For instance, if B = B0(G ) and x ↑ Z(D), then |G : CG (x)| is p↔ and

(
|G : CG (x)|ϑ(x)

ϑ(1)

)→

= |G : CG (x)|
→
⇒= 0 .

Not even in the cyclic defect case: SL2(11) has a 2-block B with
D = C4 = ⇔x↖, and there is ϑ ↑ Irr(B) with ϑ(x) = 0.

THEOREM (Brauer)
Suppose that x ↑ Z(D) and ϑ ↑ Irr(B). Then ϑ is not zero on the

p-section of x .

What about the converse?



Suppose that x ↑ Z(D). Do we have that ϑ(x) ⇒= 0 for all
ϑ ↑ Irr(B)? (Brauer, Geo! Robinson?:)
For instance, if B = B0(G ) and x ↑ Z(D), then |G : CG (x)| is p↔ and

(
|G : CG (x)|ϑ(x)

ϑ(1)

)→

= |G : CG (x)|
→
⇒= 0 .

Not even in the cyclic defect case: SL2(11) has a 2-block B with
D = C4 = ⇔x↖, and there is ϑ ↑ Irr(B) with ϑ(x) = 0.

THEOREM (Brauer)
Suppose that x ↑ Z(D) and ϑ ↑ Irr(B). Then ϑ is not zero on the

p-section of x .

What about the converse?



Suppose that x ↑ Z(D). Do we have that ϑ(x) ⇒= 0 for all
ϑ ↑ Irr(B)? (Brauer, Geo! Robinson?:)
For instance, if B = B0(G ) and x ↑ Z(D), then |G : CG (x)| is p↔ and

(
|G : CG (x)|ϑ(x)

ϑ(1)

)→

= |G : CG (x)|
→
⇒= 0 .

Not even in the cyclic defect case: SL2(11) has a 2-block B with
D = C4 = ⇔x↖, and there is ϑ ↑ Irr(B) with ϑ(x) = 0.

THEOREM (Brauer)
Suppose that x ↑ Z(D) and ϑ ↑ Irr(B). Then ϑ is not zero on the

p-section of x .

What about the converse?



Z(D) = C2 ↙ C2 ↙ C2.
So the answer is that I do not know how to detect that x ↑ Z(D).



Z(D) = C2 ↙ C2 ↙ C2.

So the answer is that I do not know how to detect that x ↑ Z(D).



Z(D) = C2 ↙ C2 ↙ C2.
So the answer is that I do not know how to detect that x ↑ Z(D).



From p-groups to defect groups: Exponents

Suppose that B is a p-block with defect group D. Write |D| = p
d .

THEOREM
If ϑ ↑ Irr(D) and x ↑ D then

o(x) divides |D|/ϑ(1).

QUESTION
If ϑ ↑ Irr(B |D), is

exp(D) ⇓ |G |p/ϑ(1)p?

THEOREM (Brauer)
If ϑ ↑ Irr(B |D), then exp(Z(D)) ⇓ |G |p/ϑ(1)p.
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We say that a block B with defect group D satisfies the † condition if:

exp(D) ⇓ |G |p/ϑ(1)p

for every ϑ ↑ Irr(B).

THEOREM (Moretó-N)
If G is p-solvable, p > 3, and ϑ ↑ Irr(B |D), then

exp(D) ⇓ |G |p/ϑ(1)p.

False for p = 2, GL2(3), we do not know for p = 3.
Why do we care about this?
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A beautiful conjecture:

CONJECTURE (Wilde)
Let ϑ ↑ Irr(G ). If ϑ(g) ⇒= 0, then o(g) divides |G |/ϑ(1).

If the block of ϑ satisfies condition † (for all p), then the conjecture
is true for G . (Recall: † is that exp(D) ⇓ |G |p/ϑ(1)p for every
ϑ ↑ Irr(B).)

THEOREM (Malle-N-Tiep, 2026)
Condition † is satisfied by many blocks of quasi-simple groups, but

not always.
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THEOREM (Malle-N-Tiep, 2026)
Suppose that whenever h ↑ H , [H ,H ] = L is quasisimple,

Z(L) = Z(H) is cyclic, H = L⇔h↖, and ϑ ↑ Irr(H) is faithful with

ϑ(h) ⇒= 0, then o(hZ(H)) divides |H : Z(H)|/ϑ(1). Then Wilde’s

conjecture is true.



A di!erent line of work: change Irr(B) by Irr(!ϑ) and defect groups
by vertices:

Suppose that ϱ ↑ IBr(G ) has vertex D. A possible “k(B)":

QUESTION
Is |Irr(!ϑ)| ⇓ |D|?

A possible “height zero":

THEOREM (Cossey-N-Tiep, 2026)
If G is p-solvable and Irr(!ϑ) all have height zero, p ⇑ 5, D/Op(G )
and Op(G ) are abelian.

QUESTION
If all Irr(!1) have p

↔
-degree, P is metabelian?
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Nilpotent blocks

No blocks are closer to their defect groups than the so-called
nilpotent blocks. They are ubiquitous in block theory.

DEFINITION (Broué-Puig)
A p-block B is nilpotent if for every p-subgroup Q and every

p-block bQ of QCG (Q) inducing B , we have that NG (Q, bQ)/CG (Q)
is a p-group.

If B = B0(G ) is the principal block of G , B is nilpotent if and only if
NG (Q)/CG (Q) is a p-group for all p-subgroup Q of G . Hence, by
Frobenius Theorem:

THEOREM
B0(G ) is nilpotent if and only if G has a normal p-complement.
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From defect groups to nilpotent blocks

A local definition that gives rise to a wonderful theorem:

THEOREM (Broué–Puig)
Suppose that B ↑ Bl(G |D) is nilpotent. Then there exists a

p-rational ϱ ↑ Irr(B) height zero, such that there is a bijection

ς ↘↔ ς ∝ ϱ from Irr(D) ↔ Irr(B).

In the ∝-construction, we have that (ς ∝ ϱ)(1) = ς(1)ϱ(1). Hence the
heights in Irr(B) are exactly the heights in Irr(D), in bijection.
In particular, dl(D) ⇓ |cd(B)|, if B is nilpotent.
If D is abelian and B is nilpotent, then cd(B) = {n}, so these are
Okuyama–Tsushima blocks.
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From defect groups to nilpotent blocks

Nilpotent blocks are also important also because of their control
above:

This was key in the proof of the Height Zero Conjecture.
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From defect groups to nilpotent blocks

As we said if G is quasi-simple, then B is nilpotent if and only if all
characters in B have the same degree (An-Eaton).

We know that if B is nilpotent, then all height zero characters of B
have the same degree.

CONJECTURE (Malle–N, 2011)
Let B be a p-block. Then B is nilpotent if and only if all the height

zero characters of B have the same degree.

Wide open. Even for p-solvable groups. For groups of odd order, a
di"cult theorem of D. Gluck.
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From defect groups to nilpotent blocks

Let’s come back to the conjecture “dl(D) ⇓ cd(B)".

If cd(B) = {n}, this was Okuyama–Tsushima.
Suppose now that cd(B) = {n,m}. Suppose that np ⇓ mp. If
np = mp, then D is abelian by the Height Zero conjecture. If
np < mp, then all height zero characters have degree n, and therefore
B is (conjecturally by Malle-N) nilpotent. Thus |cd(D)| = 2, and D

is metabelian.
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Another important feature of nilpotent blocks: l(B) = 1. (Here l(B)
is the number of irreducible Brauer characters.)

This is detectable in the character table:

THEOREM
The submatrix of the character table

(ϑ(x))ω↑Irr(B),x↑G0

has rank l(B).

Hence, if B is nilpotent, then (ς ∝ ϱ)0 = ς(1)ϱ0, so ς(1) are the
decomposition numbers, and they are p-powers.

CONJECTURE (N–Tiep)
Let B be a p-block. Then B is nilpotent if and only if there is

ϱ ↑ IBr(B) such that dωϑ are all p-powers.

Wide open. Do not mess up with decomposition numbers!
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Let me finish with one more conjecture:

CONJECTURE
Let B be a p-block with l(B) = 1 and defect group D. Then

k(B) ⇓ k(D) with equality if and only if B is nilpotent.

The first part would be a consequence of k(B) ⇓ k(D)l(B) for every
block, suggested by Malle-N.
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